YEAR 12 — TRIAL 2006 - EXTENSION 1

QUESTION 1

a)

b)

d)

f)

g

. d 2x
Find o (e“” cos 3x)

Evaluate |ijm -
x—0 sindx

Use the substitution u=1+x* toevaluate

If the roots of the equation x>+ 2x*~x~p=0arec, ¢+ 1 and ¢ + 3,
find the valueof p.

A (1;0).and B (2, 4)‘are two points in the number plane.

Find the coordinates of the point P that divides the interval AB-
externally in the ratio 3:1.

10
2
Find the term independent of x in the expansion (x + ;]
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QUESTION 2

Sol 3 >1
a) ovezx._

b) - Consider the polynomial
P)=x+2)x-3)Qx +ax+b

Given that P(x) has remainders 1 and 6 when divided by
(x +2) and (x — 3) respectively, findaand b.

©) Consider the function
y=mn+2 sin”! (?) '
i) Find the domain and the range.

ii) Sketch the graph of the function.

d) The region bounded by the curve y = sin ™ x, the y axis and

y= %, is rotated about the y axis to form a solid.

1) Show that the volume of the solid obtained is given by
T

6
V= nj sin®ydy
0

ii) Find the volume of the solid.




UESTION 3

b)

A, X, B and Y are points on the circumference of a circle such
that AX = AY. _

XY meets AB at the point M.

The tangent at B meets the chord XY produced at T.

Tf—':

i) Explain why ZABY = ZAYX.
ii) Show that AB bisects ZXBY.

iii) Show that BT = MT.

Consider the functions f(x)=4 - x 2 and gx)=Inx.
i) Sketch the graphs of f(x) and g(x) on the same set of axes for x > 0.

ii) Use your graph to show that the equation In x + x* — 4 = 0 has only
one root which is near x = 1.5

iii) Use one application of Newton’s method to find a better approximation
of the ‘root of the equationlnx +x*—4=0

Ten people areto be seated around two circular tables. Six of them

can/sit at one table and the remaining four can sit at the other table.

i) How many different groups can be formed to sit around these two tables?

ii) How many seating arrangements are possible around the two tables?



QUESTION 4

a) The population N of a particular species of birds in an island
at any time t is expressed as

N 2000 +ce where ¢ and k are constants.

Given that the initial population was 11 000 birds and it
decreased to 8 000 after 10 years,

i) find the constants ¢ and k.

if) find the time required for the population to decrease
to 6 000 birds.

b) Two points P(2ap, ap?) and Q(2aq, aq 2) lie on the parabola x *= 4ay.
The tangents to the parabola at P and Q intersect at an angle of 60° '@'
at a point A.

i) Show that the coordinates of A are (a (p+tq),apq )
(You may assume that the equation of the tangent at P is y = px ~ ap?)

ii) Show that p—q= +3( 1+ pd)

iii) Show that as P and Q moves on theparabola the point A moves on

the curve with equation X% =3a% + 10ay + 3y

c) 75% of the workers in a shoe factory are highly skilled, wh11e 25%
are less skilled.

Each worker makes the same number of pairs of shoes a day. )
For highly skilled workers only 1% of the pairs of shoes are defective,
and 2% are defective for the less skilled.

1) What is the probability that a pair of shoes made in this factory |
1s'defective?

it) What is the probability that, in a random parcel of 20 pairs of
shoes, no more than one pair is defective?
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QUESTION 5

b)

Let gx) = X 2 for all real values of x.
1+

i) Sketch the graph of g(x) showing the coordinates of the turning points
and the x and y intercepts.

ii) What is the largest domain conta.lmng the value x =2 for which g(x)
has an inverse function g~ (x)?

iii) Sketch the graph of the inverse function y = g~ ' (x) on the same set
of axes as your graph in part (i).

iv) Find an expression for y = g™! (%) in terms of x.

A particle moves in a straight line and its displacement x centimetres
from the origin at time t seconds is given by :

.9
=2+4cos’| —t
2 cos (2]

i) Show that the motion of the particle is simple harmonic.

ii) Find the maximum.velocity of the particle.

Use mathematical induction to prove that, for all
integersn withn > 1,

mn+1) (n+2)
3 .

% (k1) =
k=1



QUESTION 6

- x ._ .
a) Consider the function f(x)= cos™" (-1—;—;] ~2tan"! vx wherex> 0.

i) Show that f'(x) =0

i) Sketch the graph of y = f(x)

b) A tank has the shape of an inverted right circular cone of basg radius 8m
and height 12m contains water to a depth 3 m

1.2m */min

.
B
Crrmmm e

Water starts to be poured into the tank at the constant rate of 1.2m */min
but at the same tiine a leak at the vertex of the tank causes a discharge of
the water at a constant rate of 0.2 m */min.

i) Show that the volume V of the water in cubic metres at any time t
can be'expressed as

V=4n+t

ii) Calculate the rate at which the height is increasing at the time
t = 287 minutes.

iii) Calculate the rate at which the area of the water in contact with the wall
of this tank is increasing at the time t = 1047 minutes.

3



QUESTION 7 ' - MARKS

a)  Giventhat (1+)"(1+%)"=-L(1+%™, show that 3
X

) @2n)!

"C,"Cy +"C,"Cy ...+ C L, "C = ————
Co C3. 1 Gy . 3 “~n (n+3)(n-3)!

b) B@,d

0,0 A(2d,0)
Two projectiles are projected at the same time towards a target at point B(d,d).

One of the projectiles is projected from O(0,0) with a velocity V, Wwhile the
second projectile is projected from A(2d,0)with velogity U.

At the instant when the projectiles are projected target B starts falling
vertically down under gravity.

Consider the axes as shown and assume that there is no air
resistance, and that g is the acceleration due to gravity.

i) Show that the equations of the positions of the target are 1

1
y=—5gt2+dandx=d

ii) Find the equations of theositions of the two projectiles. - 3
iii) The projectile from O hits the target in the air. 3
Find the time taken by the projectile to hit the target and '
show that V.= fgd
iv) Afier the impact a fragment of the target falls vertically down _ 2

under gravity and t minutes later the particle from A hits this fragment .

1 1
Show that t=+/2d (E VJ
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