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Mathematics Ext.1

General Instructions: Toetal marks—84 Marks

e Reading time—5 minutes. e Attempt questions 1-7.

e Working time—2 hours. e The mark-value of each question

is boxed in the right margin.
e Write using black or blue pen.

e Start each NEW section in a sep-

e Board approved calculators may arate answer booklet

be used.

e All necessary working should be
shown in every question if full

marks are to beawarded. Examiner: Mr D. Hespe

e Marks may NOT be awarded for
messy or badly arranged work.

e Answer in simplest ‘exact form
unless otherwise stated.

V.

This is anrassessment task only and does not necessarily reflect
the, content or format of the Higher School Certificate.



Question 1 (12 marks) (Use a separate writing booklet)
413
Vv13—-3

(a) Express in simplest form.

e height n at time ¢ of a particle projected vertically upwards {rom the groun
b) The height i i f icl j d icall ds f; he ¢ d
is given by h = 32t — 16t. Find the greatest height reached.

(c) Given that cos(A — B) = cos Acos B + sin Asin B,
show that sin(A + B) = sin Acos B 4 cos Asin B.

(d) (i) Find the point of intersection of y = 2 and y = %

(ii) Find the acute angle, correct to the nearestminute, between the two curves
at the point of intersection.

1)’ 1
(e) Solve ([z4+ -] =5 lxz+—)+6=0.
T T
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Question 2 (12 marks) (Use a separate writing booklet)

(a) Determine the numerical values of a and b such that
cos 30 = acos® 0 + bcos O is an identity in 0.

(b) Sketch f(z) = (z + 1)z(1 — ).

(c) Eliminate ¢t from this pair of parametric equations

r = Jtant
y = 2sect

and so form the corresponding Cartesian equation.

(d) In a 12-horse race five of the horses really have hardly any chance of getting a
place and for this question may be disregarded.

(i) In how many ways can the first three places be filled from the remaining
horses?

(ii) If these horses are all about equally likely to gain places, what approximately
are the chances of picking the trifecta (i.e. the first three in the correct
order)?

iii) The quinella is the first two horses without regard to order. Neglecting the
g g g
five no-hopers,swhat is'the probability of correctly picking the quinella?
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Question 3 (12 marks) (Use a separate writing booklet)

(a) (i) By examining its first and second derivatives, find any stationary points
or points of inflexion on the curve y = /= — .

(ii) Hence sketch y = /& — x over [—1, 1].

(b) Prove by induction that
1 1 1 1

a(r—-1) z—-1 =z =

for all positive integers n and x # 0, 1.

(c) Prove that TP? =TA x TB.
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Marks
Question 4 (12 marks) (Use a separate writing booklet)

(a) Use one application of Newton’s method to estimate that root of 2® —622+24 = 0
which lies near x = 3.

(b) Find
(i) /sin2 <g> do,
(ii) /tangbsec2 ¢ do. (Let u = tan ¢.)
(c) (i) State the domain and range of the function f(x) —=asin ' (2?).
(ii) Determine the derivative of xsin™" (2?)@nd describe the behaviour of the
function in the neighbourhood of:
(@) x =0; and
(%) - 1.
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Question 5 (12 marks) (Use a separate writing booklet)

(a) A parabola in the Cartesian plane has its vertex at (—1, —2) and its focus at
(—1,—=3). Derive an inequality in = and y which is satisfied by the codrdinates

of a point P (z, y) if and only if P is closer to the focus of the parabela than it
is to the directrix of the parabola.

(b) Find
toxde
(i) Norwe (use the substitution u = 9 + z?%),
0
3 rvdx o 5
(ii) Norwe (use the substitution u = /9 4 22).
(c) By considering the derivative of tan™! (E),
a
show that
dz 1 @
S 9 — —tan —tc.
a“*+x a a
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Question 6 (12 marks) (Use a separate writing booklet)

(a) Use the remainder theorem to find one factor of z(z+ 1) —a(a+1). By division,
or otherwise, find the other factor.

(b) Consider the function y = e sketched below:
T

>
I

(i) Show that, by a suitable restriction on the domain of this function,
a monotonic increasing inverse function can be found:

(ii) Write the domain and range of the inversefunction:

(c) A typical application of the Verhulst logistie equation is a common model of
population growth, which states that:

e the rate of reproduction is proportional to the existing population, all else
being equal;

e the rate of reproduction is propertional to the amount of available resources,
all else being equal. /MThus the second term models the competition for
available resources, which tends to limit the population growth.

Letting P represent populationssize (N is often used in ecology instead) and t
represent time, this model is formalised by the differential equation:

dpP P

T rP <1 — K> ,
where the constant r defines the growth rate and K is the carrying capacity. In
ecology, species are sometimes referred to as r-strategist or K-strategist depend-
ingfupon the selective processes that have shaped their life history strategies.
(i) Show by differentiation that the solution to the equation (with Py being the

initial population) is
KPoert

o K+P0(€rt— 1)

P(t)
(ii) Confirm that the final population will equal the carrying capacity, i.e. that

lim P(t) = K.

t—o0

(iii) If r = 1.25; K = 25000; Fy = 10, find P after 5 years.
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Question 7 (12 marks) (Use a separate writing booklet)

(a) P(14, 18) divides the interval AB externally in the ratio 3 : 2.
If B = (4, 8), find the codrdinates of A.

(b) Given that a < 0, find the solution to the inequalities
l <l]ax+1| <2,

leaving your answers in terms of a.

(c) The acceleration acm/s? of a particle P is given by a = 18z(2* + 1), where xcm
is the displacement of P at ¢ seconds. Initially P startsgfrom the origin with
velocity 3 cm/s.

(i) Show that v = 3(2® 4 1),
(ii) and show that 2 = tan 3t.

7
(iii) Determine its velocity and displacement after 55

End of Paper
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STANDARD INTEGRALS

/ x"dx

1
/ —dx

T
/ e™dx
/ cos axdzx
/ sin axdzx
/ sec? axdx

/ sec ax tan axdr

1
/ 22 T dz
\/7

|
[
/

NS

<x +a? ’
@ NotE: Inx =log,z, x>0

1
n—Hx”“, n#—-1; x#0,iftn<0

Inz, z>0

0 a>0, —a<z<a

In x+\/x2—a2>, r>a>0

n (x + Va2 + a2>



