SGS Trial 2002 3/4 UNIT MATHEMATICS FORM VI Solutions

QUESTION ONE

.4
(@ Y n?=12+22 43+ 4
n=1

=30

. z
(b) Since P >2

then z(z — 3) > 2(z — 3)°
Thus 2(z - 3)® —z(z - 3) < 0
(z—3)(2z-6-2)<0
(z—3)(z—6)<0

36 @

Hence from the graph 3 <z < 6. *

(cj, @) v =7e"™. .

(ii) Atz=1,y=¢" and y' = 7e”. Thus using the point-gradi

m the required tangent is
Cy-€e =Tz 1)
y="7z—6e" "

(Dl o o

aonl
DTN
_ (=Dt
R
=3(n~1)

@

(e) For any integer n € Z,

3z=T42n =—I42nr

z=5&+3 z=~%+2nx
QUESTION TWO
(a) (i) Now A (given). Hence by the chain rule

Th

o = 10 metres. -
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(b) The volume of revolution is -

bvd
V:vr/ yidr
—-7r/ sec? 3z dz

imtan 3:1:]

4 s

-
Sl

u[=

Il
—

=im (tan - tan(—%),) _

= Z7 units®

N

(c) LHS =sin 20(tan 6 + cot §)

sinf  siné
= 2sinf Cose(cosﬁ _0039)
. sin® § + cos? 6
= 2sm00059(m>
= 2(sin® § + cos® §) )
=F2!
= RHS .
. 1,2
(d) Since the acceleration is given by Z = :l:c , then

diqv?
2 = -9z
i
;vz = —%zz +C

~ for some constant C. Whenz =4, v=0s0 -

V C = %—112 + %1:2 ‘
=0+ 37

SR =72.

- Thus

v? = -92% + 144.
= —9(z? — 16) 4

.(e) The function v? found i i) is' @ conicare down parabola with a maximum of v? =9 x 16 at = = 0. -Thus

the maximum speed i

UESTION THREE

(a) By examining

polynomial passes through (0, —0-5), so
)? '

12
(x2 + %)12 — Zl2ck(x2)12—k(%)k

k=0
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Thus the general term is
. 1zck(z_2)12—k(%)k — IZCkz24—2k3km—~k
— 120 243k gk
The term independent of = occurs when 24 — 3k = 0, that is when k = 8. Hence the term independent of z is
12!
12v o8 _ 257 a8
Cs3" = g
=495 x 3°
= 3247695

(c) (i) Theinterval 5 -3 <z <5+3,ie. 2<z<8.
(if) The period is

2r 27
= —_— =T.

2

(iii) That is, find the two smallest positive solutions of

sin(2t+ %) =1

T _ T ks
2t+E—201‘—2

4 9w

2t =% or R

—_ o

t=%or

Thus the first two times are after § and QT" seconds.

n

@) @) Q+22)" =3 "Ci(20)*
"G 4 "Cy(2z) + "Ca(2a)? + ot "ON2E)"
(ify Now if we le£ z =1 in the identity in part (i);
A+2)" ="Co + "C1(2) + "Ca@? + -+ + "Ca(2)”
3 =10, + 2X"C; + 22 X0+ -+ + 2" x *Ch.
" QUESTION FOUR R o A

(a) (i) Letu=1-3z. Thendu=~dz. fz=0,u=1Ifz=1,u=0. Thus
. . A S
/z(l—z)7dm=—/(l—u)u7du
) 1

1
:/ u’ —uf du
0

1
1,8 19]
1,8 _ L
B 9% |,

1l
—

=

1
5

I

(b) () Let f(z) =g+ 2z +2+2° and let o = 2 be the initial approximation to the root of y = f(z). Then
Newton’s method saysthat if z,, is an approximation to the root then a better approximation is

f(zn)
Tntr = Tn — f’(zn) .
72 + 2z, +2 — 15,
=z, - —

2T, + 2 — 322
Fromna, calculator,
=28  1,=22720 3= 22695

Sinceiz, and z3 agree to 2 decimal places, to 2 decimal places the root is 2-27.
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(i) A tangent to the graph at = = 1 does not intersect the z-axis anywhere near the root. This occurs since
(1,4) is on the other side of the turning point from the root. (See the graph below, the tangent(is the
dashed line).

(¢) (i) The easy method is to elxpand y = 2sin(z + £). We have

{/‘
=2(sinxx%§+coswx%)\/

= V3sinz + cosz

—_ 3 s
y = 2sin(z + §)
= 2(sinzcos § + cosTsin §

(i) .
2 ;l/\
: /
Y 57\ 1m &
—1 6 6
_9
QUESTION FIVE

(a) (i) Since ZACD = LABD (angles standing on the arc AD), then

/BCD = (LACD + (BCA
= /ABD + [BCA ™
=90°(given)

Hence BD must be a diandeter (since ZBCD = 90°).

(if) Notice : ' LBAC = (BCA (‘equal angles opposite equal sides)
Thus /ABD + [BAC = LABD + (BCA
=90° (given)
But [ABD + (BAC + (BIA =180° (angle sum of triangle)
Hence (BIA =90°

But = ZIDY =90° (radius and tangent)
' Tt followstHat.AC {| Y X, since the corresponding angles ZBIA and LIDY. are equal..

(b) At 6% per annum, the investment grows by a factor of 1.06 each year.

. Harry’s first contfibution is invested for n-years and grows to M x 1-06™.
Harry’s sécond contribution is invested for (n — 1)-years and grows to M x 106!
His last contribution is invested for 1 year and grows to M x 1-06.
following)this pattern,the total value of the investment after n-years is

M x 106 + M x 1062 + -+ + M x 1-06™.
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(¢) This is a geometric progression with first term a = M x 1.06, common ratio r = 1.06 and we are required to

sum n terms. The sum is
a(r® —1) M x 1-06 x (1-06™ — 1)
r—1 1.06 - 1
If this sum is $500 000 then
M x 1-06 x (1-06™ — 1)
106 -1

=.500000.

Thus M = 500000 x 0-06 + 1-06 + (1-06™ — 1)
and when n = 20 years,
M = 500000 x 0-06 + 1-06 + (1-06*1 — 1)
= $12823

(to the nearest dollar).

(@

(i), In the diagram,

B =50° (revolution)
a =50° (alternate angles, parallel'lines)
v =50° (alternate angles, parallel lines)

Hence ZPBQ@ = 100°.

(ii) In ATBP, th = tan 30°, thus PB'= hcot 30°.

In ATBQ, §h§ = tan45°, thus/BQ = hcot45°.

(iii). By the cosine rule,
PQ? £ PB? + BQ? - 2PB x BQcos LPBQ.
1000% = h2cot?30° + h? cot?® 45° — 2h? cot 30° cot 45° cos 100°
1000,= (c0t2 808+ cot” 45° — 2 ot 30° cot 45° cos 100°) 2.
Now dividing by the coefficient of h? gives the required equation.

(iv) The height of the cliff is about 466 metres.

QUESTION SIX
(a) #(i) The gradient is
dy = d 12y i
dr dm(gx ) =52
dy 2
Thus —= =/p at P(4p,2p°).
dz

Using the point-gradient form, the tangent has equation
y—2p° = p(z — 4p)
y =pz —2p"
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(i) If A(3,—2) lies on the tangent then
—2=23p-2p*
22 —3p—-2=0
@2p+D(—-2)=0

Hence the points of contact aré defined by p = —0-5 or p = 2. The points are (~2,0-5) and P(8§,8).

(b) (i) Let P(=z,y) be any point on the parabola y = %xz. Then the distance d from P to the line 3z — 4y +4=0
is

Bz —4y+4

3z — 4(%x2) + 4|

= Lag? - 3z - 4|

(ii) The quadratic |2* — 3z — 4] = $|(z — 4)(z + 1) has zeros at z = —1 and 5= 4. The yertex is half-way
between the zeros, at £ = 1.5 and :

y= (15 —-4)(15+1)
=-1.25

The graph is below (the solid dark line).

(ili) This is clear if we add theshorizontal line y = -1% onto our graph (the dashed line)- it touches or cuts the .
graph in part (ii) three times.

(c) Part A: If n =1, then
RHS= {5 x 1x2x3x8
g 4
=1x2?
= LHS
Hence the statement is true for n = 1.

_ Part B: Suppose k is a positive integer for whxch the result is true.
That is, suppose that

%2+ - + k(k+1)2= Lk +1)(FE+2)@BE+5) ———()
_ We shal prove the statement is then true for n = k + 1. That is, we shall prove that -
1x22 + - + (k+1)(k+2)% = F(k+1)(k+2)(k+3)(3k +8).

Here is the proof;

LHS=1x22 % - + k(k+1)? + (k+1)(k+2)°
=&k(k+ D)k +2)BE+5) + (k+1)(k+2)?
(by thevinductive hypothesis (*).)
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Thus LHS= Lk(k +1)(k +2)(3k +5) + & x 12(k+ 1)(k +2)°,
2(k+ 1)(k + 2) (k(3k + 5) T12(k+2))

i Lk +1)(k +2) (3K + 17k + 24))
L(k+1)(k+2)((3k +8)(k +3))

=RHS

Part C: It follows from Parts A and B, and the principle of mathematical induction, that the statement is true
for all integers n > 1.

QUESTION SEVEN

H

(a) Join OA, OB, OC, OP, OQ, OR. Then the radii OP, OQ and OR are perpendicular to the tangents CB, AC
and AB respectively.
The total area of the triangle is
Area AABC =Area AABO + Area AACO + Area ABCO
=1 x ABxOR + ngC'xOQ + = xBCxOP
=ir(AB + AC + BC)

1
__-5'{‘1)

al

1 —
(b) (i) Letu= T +Z and y = tan~' ¢ + tan~! u. By the quotient rule;

du  -1(1+2)-1(1-1)

dz 1+ z)?
-2
TS
Now using the chain rule,
dy 1 1 du
dr ~ 1+a? +‘m *
1 1 -2

= 1+x2+1+u2x (1+x)?

Since u X (14 z) =1 — z, we have

dy _ 1 Y.

dz = 1422 (1+z)2+4(1~2z)?
1 -2 :
_1-1-—12+2+2:L‘2
=0

Now the function y'is dlﬁerentxable on the restricted domain z > 1, and since it has derivative zero there it
must be a constant. Thus tan~* z+tan™* } 7= = C, {or some constant C. To find the value of this constant,
substitute any value of z > =1, say = = 0. Thus

4 tan~'0+tan '1=C

™
0+Z_C
+ -1 -1 —z;_Tr
So-tan~! z + tan }—Jr;—z,forx>—1
. 2—V2
(i) Let z£=v2-1. Thenu= \/%f:\/i~1.

Thus using part (i),

tan " (V2 ~ 1) + tan" 1 (V2 - 1) =

I RCSE

tan"!(vV2 - 1) =
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(@ ®

The cardinal n represents the number of times this dissection process has been carried out. Initially n =0

and we have the whole square of 1 x 1 units. Thus 7(0,0) = 1. At each stage of the division process,
rectangles of size (%)k (%)n*’c may arise in only one of two ways;

« if one takes } rectangle of size (%)k—l(%)n_k;

. ] e
e or if one takes 2 of a rectangle of size (%)k(g)n '

Thus r(n, k) = number of rectangles of size (%)k“l (%)n_k o
+ number of rectangles of size (%)k (%)

rin—-1,k-1)+7(n—-1,k)

It is clear also that 7(n,0) = 1, hence the numbers r(n, k) form the entries of Pascal’s triangle, that is
r(n, k) = "Ck.
The number of rectangles of size (%)’“ (3 is the term in (g)k in the expansion/of (% + %)" Since this
has 12 terms when n = 11, the artist will use 12 different colours, and he has plenty of colours in his pack

)n—-k 1

“of pencils. The greatest term will corresponding to the colour he uses the most of. Thus to complete the

question we need to find the greatest term in this expansion.
To simplify the algebra, let z = } and y = . Then

11
(z+y)"= Z‘Tk
k=0

where Ty = 1 Crz¥y* ™%, Hence

Thi1 11! EI(11 — k) ghtlylo—k
T, T R DI0 R T I gkgiiek
_(11-k)z )
Tkt L)y
(11-E)x}
T ok+1Dx %
11 -k
T2%kt2
- The terms will be increasing if Tk—:l > 1, that,is if
11-k%
%tz
11-k>2k+2 (since (2k+2)> 0)
9 >3k

Thatis,if k<3. SoTo <1 <o <T3=T4 > T > -->T13.
Hence the greatest area coloured by one colour is of size

Z=1Cs x (1) < (38
_11x10x9 ) 2
1x2x3 . 31
L 28 x5 x 11
= 310

(Since T3 = Ty the same answer is obtained for the fourth term). »

BDD



