Independent Trial HSC 2009 Mathematics Extension 1 Marking Guidelines
Question 1 |
a. Outcomes assessed : HS
Marking Guidelines
Criteria Marks
& rearranges in ters of known trigonometric limit 1
+ cvaluates limit 1
Answer
. sin3 . 'sin3
lim S Hw lime wa_uw
x—=0 2x x=0 3%
b. Outcomes assessed : HS
Marking Guidelines
Criteria Marks
e identifies a and r for the G.P 1
e applies formula for limiting sum 1
Answer
2 3
LI Y V.S T L is®G.P. with a=——, r=—— = O0<r<l
e+1 e+l e+1 e+1 e+1
.. . a 1
. Limiting sum 18 = + =e
I-r e+l e+l
¢. Outcomes assessed : PE3
Marking Guidelines
Criteria Marks
e expresses sum of reciprocals of roots in terms of sums of products 1
e cvaluates using relationships between roots and coefficients 1
Answer
1 1 1 + Yo+ & 3 1
e, B and ¥ rootsof x* +2x" +3x+6=0. SH—t =4+ = = Py +yo+ap = — =—=
o By oy —6 2
d. Outcomes assessed : HS
Marking Guidelines
Criteria Marks
e substitutes values of gradients into formula for tangent of acute angle betweendhe lines 1
1

 cvaluates required angle

Answer

Acute angle 8 between lines y=2x and x+ y—3=0 is given by tanf=

2-(-1)
1+2.(-D)

=3

~ 8 =72° (to the nearest degree)




¢. Outcomes assessed : PE2, PE3

Marking Guidelines
Criteria Marks
1 e quotes alternate segment theorem 1
ii e gives a sequence of deductions resulting in a test for a cyclic quadrilateral 1
¢ justifies these deductions by quoting geometric properties and tests 1
1ii @ explains whyBFE subtends a right angle at 4 or at F L

Answer
B

D E A
Let O be the centre of the circle.

Question 2

a. Qutcomes assessed : H5

i. The angle between the tangent at 4 and the chord 4AC
is equal to the angle subtended by that chord in the
alternate segment, hence LEAC = ZABC .

1. ZEAC = ZDEF  (Corresp. £'s with parallel lines AC,
EF are equal)
S LDEF = ZABC (Both equal to ZEAC)
o EABF is cyclic (Exterior £ equal to interior opp. £)

ili. ZBAE =90° (Tangent to circle ABC at A is
perpendicular to radius OA drawn
to point of contact)

~. BE is a diameter (subtends right £ at circumference)
of circle EABF.

MarkKking Guidelines
Criteria Marks
e finds primitive 1
e evaluates in surd form 1
Answer
¥ _1 ¥ _1{ 5
._.Q sec2x tan2x dx = mToo ML . = mﬁz\m L
b. Outcomes assessed : PE3
Marking Guidelines
Criteria Marks
¢ counts arrangements for one possible pattern of B’s and G’s 1
¢ adds number of arrangements for the second possible pattern of B’s and G’s 1

Answer

BGBGGB or BGGBGB  ..2x3!x3!=72 ways




¢. Outcomes assessed : HS

Marking Guidelines
Criteria Marks
e finds x coordinate of P 1
¢ finds y coordinate of P 1
Answer
A2.3) B(6.-1)
3 : 2
. i 14 3
, 3% 6+ 2%(<2) BX(-1)42x3 .~ P has coordinates wﬁ =, L
3+2 ’ 342
d. Outcomes assessed : HS
| Marking Guidelines
Criteria Marks
¢ simplifies 1—cosx in terms of ¢ 1
¢ completes simplification of given gxpression in terms of ¢ to establish required result 1
Answer
t=tany 1-7 sinx 2t 1+7
l-cosx=1- = X
1+£ l—cosx 1+¢ 27
s _1
1+ !
. 2t =cot3
sinx = 5
1+1¢
e. Outcomes assessed : PE3, PE4
Marking Guidelines
Criteria Marks
) d . 1
i ofinds 2 as a function of 7
dx
e finds equation of normal in required form W
11 e finds coordinates of M 1

e finds equation of locus of M

Answer
1.
dy
=at’ > ==2at
“de dt dt
Huwnmﬂv@uma
dt

i. ¥(0,2a+a?) - M(at,atar*)

lw& , &J

., Normal at P has gradient IW and equation
y—at’ = IWQIMQD
ty—at’ =—x+2at
x + _Q =2at+at’

2
: — X
Locus of M has equation y=a+ aﬁmv

x* =a(y-a)




Question 3
a. Outcomes assessed : HS
Marking Guidelines

Criteria

Marks

e writes definite integral for the volume in terms of cosx and sinx

e cvaluates the integral.

Answer

Y4 y=cosx

o (% feac? v cin?
1k ﬂ\lﬁ._.o (cos“ x —sin” x) dx

T
COS X . ui.k_o&masw
ﬁmEH 0
m ] o nwuﬂﬁmmnmiw
=1z (1-0)

Volume is W cubic units.

L B

b. Outcomes assessed : HE2
Marking Guidelines

Criteria

Marks

» defines an appropriate sequence of statements S(») and shows the first member is true
e writes the LHS of S(% + 1) in terms of RHS/of S(k), conditional on truth of S(k)

e rearranges conditional expression for LHS of S(k+1) to obtain RHS

e completes proof by Mathematical Induction

Answer
Let S(n), n=2,3,4,... , be the sequenceof statements defined by
2
S(n): 2x1 + 3X2 + 4x3 + .. +n(n=1) = ﬁ
. 2(2° = 1) .
Consider S(2): LHS =2%x1=2 ; wau|mium. Hence S(2) is true.
M.ll
If S(k) 1s true : 2X1 + 3X2 + 4%x3 + .. +k(k-1) nﬁb *
Consider S(k+1): LHS={2x1+ 3x2 + 4x3 + .. +k(k£D}+ (k+ 1)k
Nl
uﬁ + (k+1)k if S(k)nistrue, using,*.
k(k + D {(k-1)+3}
- 3
(e+1){x* +2k}
- 3
e+ Df(k+17 1]
- 3
= RHS

Hence if S(k) is true then S(k+1)1is true. But $(2)is true, and hence S(3) is true and so on.
Hence by Mathematical Induction, S(#) is true for all positive integers n> 2.




¢. Outcomes assessed : HE4

Marking Guidelines
Criteria Marks
1 e rearranges and interchanges x and y to obtain equation of inverse function 1
ii e sketches graph of y = f(x) showing endpoints and intercepts 1
o sketches inverse function by reflection in y =x w
¢ shows endpoifits and intercepts for inverse function
iii ® writes equation for x 1
¢ solves for x in.simplest exact form 1
Answer
L f(x)=(x+2)Y-9,/-2<xx2. 1. Graphs of inverse functions are
(x+2)*=y+9 and 0<x+2<4 reflections of each otherin y=x
X+2=+44y+9 4
S X =244y +9 , L —9=gy<T
LXey = ) =2+Vx+9, —9<x<7
1ii. Graphs intersect on the line y = x.
Hence (x+2)°-9=x
x*+3x-5=0
—3++/29
x>0 x=—
2
Question 4
a. Outcomes assessed : HE3
Marking Guidelines
Criteria Marks
e writes expression for probability in terms of binomial coefficients 1
¢ evaluates required probability 1
Answer
uAQ
P(none in common) = gﬁm =~ (0-35 (to 2 decimal places)
6
b. Outcomes assessed : HEG
Marking Guidelines
Criteria Marks
¢ writes du in terms of dx and converts limits for x into limits for « 1
¢ finds equivalent definite integral in terms of 1
e finds primitive and substitutes limits w

e simplifies exact answer




Answer

L, % 5 mme
“=smox ~ +sin’ x H+ :
du =2sinxcosx dx 5
du =sin2x dx = Tnﬁ + SH_ m
=L su=+ =Inl-Ind
X = .PM. =S u= W = E.MI
c. Outcomes assessed :"H5, PE3
Marking Guidelines
Criteria Marks
i e finds area of AAQC in terms of sin28 1
e uses area information to complete equation for 8 1
il e shows that £(0-4), f(0-5) have opposite signs {
¢ notes that /' is continuous, and deduces equation has one root 8, 0-4<8<0-5 [
iit @ applies Newton’s rule to write numerical expression for next approximation I
e cvaluates this approximation 1
Answer
i. ZQC4A=0 (£L's opp. equal sides are equal in AAOC)
ZAOC = —28 (Lsumof Ais W)
£LBOC=20  (adj. supp. £'s add to n)
Area sector BOC + Area AOC = - Area circle
. 2 2 — 2
Sy X X260+ XA Xsin(r - 20) = 1 x w X1
1 s —
6+5sin20 —5=0
ii. Let £(6)=6+1sin20 - Z iii. Since f7(0) =1+cos28,
£(0-4)~—-0-03<0 0~0.4_L0%
d fi ti ATy
£(0-5)= 0-14>0 and f is continuous £(0-4)
Also f’(6)=1+co0s26 >0 = f monotonic increasing ~0.4— —0-0267
~ f(8)=0 for exactly one valueof 8, 0-4<8<0-5 1-6967
=0-42 (to 2 dec. pl.)
Question 5
a. Outcomes assessed : HE4
Marking Guidelines
Criteria Marks
i  shows correct shape and asymptotes 1
* shows intercepts on coordinate axes 1
it @ finds W and evaluates for x =1 I
e finds equation of tangent 1




il.

b. Outcomes assessed: HES

y=tan"'(x—1)
dy 1
& 1+ (x—1)
P

. =1 when x=1
dx

.. Tangent at ? , 8 has gradient 1 and

equation y=x-1

Marking Guidelines

Criteria

1 * shows by differentiation that a is constant
ii e integrates to find a primitive funetion for # in terms of x

1
* evaluates constant of integration using initial conditions then writes x as a function of ¢ W
iii ® evaluates x at £ =2 and #=3 to finddistance travelled in third second.

Answer

. 2
. v=+x Uw< uwa

d

na=—(Gv)=1

dx
Hence ¢ is

> for all x

independent of x.

= c=-2

x=L@+2y

0 dx 1 t=0
11, — =X
dt x=1
dt -1
Loy st=2x-2
dx
NNNa_m+n

iii. Between ¢=2 and #=3, particle moves right from £=4 to x =2
Distance travelled in third second is 2-25 m.

¢. Outcomes assessed : HS, HES, HE7

Marking Guidelines
Criteria Marks
i o finds AC and finds BC in terms of cotor 1
¢ uses Pythagoras’ theorem and an appropriate trig. identity to find AB in terms of cosecer 1
11 e differentiates AB with respect to ¢ using chain rule or implicit differentiation #
e substitutes given values and interprets result
Answer
D i. In A4CD, ii. When ¢ ==
= =
£DAC = ZADC =% JAB dot
. AC=15. QHIGS%QQ ooHQ.M
In ABCD, BC=15cote.
g - In ABC, =—15x Z%-Lx0.01
w V AB* =15 +15°cot’ o . i
5 ﬁ =15%(1 + cot? =—0-1
: hw B GMA om * . AB is decreasing at a rate of
e =15"cosec o -1
0-1
S E ~ AB=15coseco e




Question 6
a. Outcomes assessed : HE3
Marking Guidelines

Criteria Marks
i e integrates v with respect to ¢ to find expression for x |
* uses initial conditions to evaluate the constant of integration, giving x as a function of ¢ 1
« differentiates v.with respect to £ to get X¥ then expresses % in terms of x 1
11 * states period 1
* states extremities 1
111 ® solves trigrequation to find time to first return 1
Answer
i v =—A2sin(20% Z) ii. Periodis @ seconds. —-4<x<8§
_ L
x=6cos{(2t+3)+c ¥ =—24cos(2t+ %) . x=3=cos(2/+3)=3
M“Ou x=5=¢c=2 NM:TW“WH‘ Muﬂl.wﬂ.u
< x =2+ 6c0s(2¢ +X) v ¥ =<44(x—2) 1=0, %, ..
First return after uﬂa seconds.
b. Outcomes assessed : HE3
Marking Guidelines
Criteria Marks
1 e sketches graph of correct shape with correct vertical intercept 1
e shows asymptote for limiting population size 1
ii e differentiates with respect to ¢ w
iii ® writes and solves equation for N
Answer
i ii. ii.
Na . N =500—400e 2V Initial rate of growth is
dN A 0-1(500—-100)=0-1x400
500|-——~~~========2-- I 0-1x400e .. want & such that
0-1(500—-N)=0-1x200
=0-1(500=-N
( ) 500—-N =200
>
0 7
¢. Outcomes mmmomm,ma : HS5, HE4
Marking Guidelines
Criteria Marks
e uses inverse trig. identity to simplify equation 1
e uses trig. expansion to evaluate x in terms of & 1
Answer
cos” x—sin"' x =k, Immwmu% ~2cos x=k+% ...Hunom_wOom“mlmEmmEm
cos” x+sin" x=5% cos'x= m.*. z = qw@%w — m:_%v

x =cos(5+Z)




Question 7
a. Outcomes assessed : HE3
Marking Guidelines

Criteria

Marks

1 e uses integration to find expressions for x and x
e uses integration to find expressions for y and y
ii e writes simultaneous equations for ¥ and 6
e finds the value of 7
¢ finds the value of 8
111 ® finds the values of x_and y just before impact
¢ uses Pythagoras’ theorem to find the magnitude of v
¢ uses trigonometry to find the direction of v as an angle relative to the horizontal

Answer
1.
| _ j =10
=0 x=VicosB+o, e y=-5+VisinB+-c,
=0 y=-10t+c,
i=c =c =0 t=0
! x=0 2 =0 . =c, =0
L x=Vcosl . . = ¢, =V sing y=0
s x=VtcosO y=Vsinf = Prsing — 572
.y =—10t+V sin@ R
ii. When 1 =8
x=288] 8/ cosf =288 o V2(cos2@% sin? 6) = 367 + 482 tanf =35 =4
u .
y =64 8V sin@ = 384 7 =60 f=tan™' %
iii. When 7=8 v =36 +32° tano = £
. 3
*=060x5=36 y= 4145 o~ 41.6°

7=-80+60x%=-32

Velocity of rocket just before impact is approximately 48 ms™ inclined at 42° below the horizontal.

b. Outcomes assessed : HE3
Marking Guidelines

Criteria

Marks

1 e writes a typical term in x” in the expansion of the RHS of the identity

¢ collects like terms to find coefficient of x", then equates to coefficient of x” on LHS
ii ® writes single binomial coefficient for sum on LHS

¢ writes single binomial coefficient for sum on RHS then deduces result




Answer

L+ =(1+x)"(1+x)"
For0<r<m and 0<¢<pn,

terms in x" in expansion of the RHS have the form sﬁwak x"C _ WHT» , k=0,1,2,..,r.

Collecting such like terms gives the coefficient of x" as M "C,"C._, .
k=0

The coefficient of x“in the expansion of the LHS is ™*"C .

ﬁ ,
Hence equating coefficients of x” on both sides of the identity gives ""C, = M "C,"C_,.
k=0
ii. Usingi., for m22 and n22 ,
m+1 n m+1 n m+1 " w (m+)+n " n+l nm n+l m n+l _ m+(n+])
C,"C,+ ""C,"C, +7FC,"C'= C, and "C,""C,+"C/""C +"C,"C, = C,

. m+l o] m+l " i+l n Lom n+1 m n+l m n+l . m+n+l
STCCETCC+TCCETCTC+TCTC+CTC = C,

10



Independent Trial Examination 2009 Mathematics Extension 1 Mapping Grid
Syllabus Targeted
Question | Marks Content Outcomes | Performance
Bands
I a 2 Trigonometric functions H5 E2-E3
b 2 Series and applications H5 E2-E3
C 2 Polynomials PE3 E2-E3
d 2 Angle between two lines H5 E2-E3
el 1 Circle geometry PE3 E2-E3
1l 2 Circle geometry PE2, PE3 E2-E3
iii 1 Circle geometry PE3 E2-E3
2 a 2 Trigonometric functions H5 E2-E3
b 2 Permutations and combinations PE3 E2-E3
C 2 Division of an interval H5 E2-E3
d 2 Trigonometric functions H5 E2-E3
e 2 Parametric représentation PE3, PE4 E2-E3
ii 2 Parametric.répresentation PE3, PE4 E2-E3
3 a 2 Trigonometric functions HS5 E2-E3
b 4 Induction HE2 E3-E4
ci 1 Inverse functions HE4 E2-E3
ii 3 Inverse functions HE4 E2-E3
iii 2 Inverse functions HE4 E2-E3
4 a 2 Further probability HE3 E2-E3
b 4 Methods of integration HEG6 E2-E3
ci 2 Trigonometric functions H5 E2-E3
ii 2 Polynomials PE3 E2-E3
111 2 Polynomials PE3 E2-E3
5 ai 2 Inverse functions HE4 E2-E3
i 2 Inverse functions HE4 E2-E3
bi 1 Velocity and acceleration as functions of displacement | HES E2-E3
ii 2 Velocity and acceleration as functions of displacement, | HES E2-E3
iii 1 Velocity and acceleration as functions of displacement | \HE3 E2-E3
¢ i 2 Trigonometric functions H5 E3-E4
1 2 Rates of change HES, HE7 E3-E4
6 ai 3 Simple harmonic motion HE3 E3-E4
i 2 Simple harmonic motion HE3 E3-E4
il 1 Simple harmonic motion HE3 E3-E4
bi 2 Exponential growth and decay HE3 E2-E3
ii 1 Exponential growth and decay HE3 E2-E3
iii 1 Exponential growth and decay HE3 E2-E3
c 2 Trigonometric functions, inverse functions H5, HE4 E2-E3
7 ai 2 Projectile motion HE3 E3-E4
1 3 Projectile motion HE3 E3-E4
1ii 3 Projectile motion HE3 E3-E4
bi 2 Binomial theorem HE3 E3-E4
1 2 Binomial theorem HE3 E3-E4




