Question 1 (12 marks) (Use a separate writing booklet)

4+/13
(a) Express ———— in simplest form.
v13 -3
, 4/13  VI3+3  4(13+3V13)
Solution: X = ,
VvV13—-3 13+ 3 13-9
= 13+ 3v13.

(b) The height h at time ¢ of a particle projected vertically upwards from the ground
is given by h = 32t — 16t%. Find the greatest height reached.

h = 32— 32,

0 when t = 1.
.. the greatest height is 16.

Solution:

(c¢) Given that cos(A — B) = cos Acos B + sin'Asin B,
show that sin(A + B) = sin A cos B + €0s.A sinB.

cos(90° — A— B),
€os(90%="A) cos B + sin(90° — A) sin B,
but cos(90° — 0) = sinff and sin(90° — ) = cos b,

", sin(A + B) =\sin Acos B + cos Asin B.

Solution: cos(90° — A+ B)

(d) (i) Find the point of intersection of y = 22 and y = L.

T

Solution:’ 2? =(-
e 1,
r =1,
y= 1.

The curves intersect at (1, 1).

(ii)Find the acute angle, correct to the nearest minute, between the two curves
at the peint of intersection.

1
Selution: If y = 22, and if y = —,
x
1
y/ = 2z, ?/' - _pa
= 2at (1, 1), = —lat (1, 1).
2-71
The angle at the intersection = tan™! | —————|,
1+2x(=1)
= tan~1(3),
= T1°34".
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1\? 1
(e) Solve |z +—) —=b5(z+—-]+6=0.
T T

1

Solution: Put y = (ac - —>, then y2 — 5y +6 = 0,
x

(y=3)(y—2) =0,

Page 2 of 16

Sy = 3or 2.

1 1

So <w+5>:3, and (w—i——

ie. x> —3x+1=0, 2 — 2x
. 3+v9—-4

- 2 ) )
_ 3+5
=1, 5
L 4
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Marks
Question 2 (12 marks) (Use a separate writing booklet)

(a) Determine the numerical values of a and b such that
cos 30 = acos® 0 + bcos @ is an identity in 6.

Solution: cos(20 + 6) = cos 26. cos — sin 26. sin 0,
= (260529 — 1) cosf — 2sin b cos f. sind,
= 2cos®0 — cos — 2(1 — cos? 0) cosd,
= 4cos®6 — 3cosh.
. a= 4and b= -3.

(b) Sketch f(z) = (z + 1)z(1 — ).
Solution: Yy
X
—1 (@) 1
(c¢) Eliminate ¢ from ghis pair of parametric equations
& = 3tant
Y= 2sect

and so form the corresponding Cartesian equation.

Y
d t==
and sec 5

Solution: tant = %
72 y?
w— t+1= =

9 + 4

i.e. 42® +49y* + 36 = 0.

9
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(d) In a 12-horse race five of the horses really have hardly any chance of getting a

place and for this question may be disregarded.

(i) In how many ways can the first three places be filled from the remaining

horses?

Solution: 7 x 6 x 5 or "P; = 210.

(ii) If these horses are all about equally likely to gain places, what appreximately
are the chances of picking the trifecta (i.e. the first three in the correct

order)?

1
Solution: —.
olution 510

(iii) The quinella is the first two horses without regardito order. Neglecting the
five no-hopers, what is the probability of correctly picking the quinella?

Solution:

7% 6

or

1

C,

1

21

Page 4 of 16

... /exams/2010/Year12/THSC.tex

19/8/2010



Question 3 (12 marks) (Use a separate writing booklet)

(a) (i) By examining its first and second derivatives, find any stationary points

19/8/2010

or points of inflexion on the curve y = /= — .

Solution: vy = T3 — x,
y/ = %{E_% - ]-7

= undefined when x = 0,

1
= 0 when — = 1,
s

V2T
and y ~ +0.385.
_%x—?
0 for any =,
undefined when z = 0,
—3.464 when x ~ 0.192;

~ 3.464 when z ~ —0.192.

"

[ N

Q

1
te.x = —— ~ +0.192,

Thus we have a maximum at about (0:192, 0.385) and a minimum at
about (—0.192, —0.385), as well as alvertical point of inflexion at (0, 0).

(ii) Hence sketch y = /x — x over =1, 1):

Solution:
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(b) Prove by induction that

1 1 1 1 1

(z—1) -1 =z a2 "

for all positive integers n and = # 0, 1.

1 1 I
Solution: Test forn =1, LHS. = ——, R.H.S. = — —
z(r —1) t—1n
Az — (v 1)
_re—1)
= L.H.S.
Assume true for some particular n = k, say;
, 1 1 1 1 1
i.e. = ——— — = =
e —-1) z—-1 =z 22 A

then test for n = k + 1;
1 1 1 1 1

e rhtl(z —1) Ti-1 @ s

1
F(z —1) okt (
g gk — 1)
rhrk+tl(z — 1)
phHl kel Lk
Rkt (=)

Hence the statement is true bysthe principle of Mathematical Induction.

Now R.H.S. =

using the, assumption),

(c) Prove that TP%= TAXxTB. P

"

Solution:<Construction: draw PA and PB.
Proof:  ZTPB = ZPAB (£ at chord of contact equals Z in alt. segment),
/ZPTB = ZATP (common),
APTB /]] AATP (equiangular),
PT TB
ar =~ 7P
i.e. TP?= TA x TB.

corresp. sides of similar As),
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Marks
Question 4 (12 marks) (Use a separate writing booklet)

(a) Use one application of Newton’s method to estimate that root of 3 —6x?+24 = 0
which lies near z = 3.

Solution: z; ~ zg— fl(ﬂio)’

f'(0)

T3 — 623 + 24
| R ere——

3.’17(2) — 12]?0

N 3 —6x32+24
- 3x32—-12x3’
~ 2%.

(b) Find
@M / sin? <g> do),

Solution: Note: cos2A4 = 1 — 2sin” A4,

1-— 2A
so sin® A = cfos‘

/sin2 (g) df = %/(1 —cos 0) db,

= 1(6 =sinf) +c.

(ii) /tzmgbsec2 ¢ do. (Let u = tang.)
d
Solution: ﬁ = sec? ¢,
d
SO /tand)sec2¢>dcz§ = /u x 8y do,

do

= [ udu,

v

—= 2 C7

B tan? ¢ Le

== ,
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(¢) (i) State the domain and range of the function f(z) =z sin™" (2?).

Solution: Clearly the first € R, and within the parentheses
0 < 22 < 1, so the domain: —1 <z < 1.

When z = —1, sin'1= 7, and when x =1, sin™'1 = Z
Hence the range: —5 < f(z) < 3.

(ii) Determine the derivative of xsin™! (:1:2) and describe the behavieur of the
function in the neighbourhood of:
(o) x =0; and
(8) v =1.
Solution: f'(z) = 1 xsin™' (2?) + L X2 :
1 — (22)?
2z
= sin™! (2?) 4+ ——.
2 x (2
() Now when # =0, sin"'0 =0, and %04 =0,

so the function becomes horizontal (z.ex"has a stationary point)
at x = 0. -
(8) Near x = 1, lirr% {f'(x)} = ~ + 00, 4.e. the slope becomes undefined

and the curve becomes vertical.
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Question 5 (12 marks) (Use a separate writing booklet)

(a) A parabola in the Cartesian plane has its vertex at (—1, —2) and its focus at
(=1, —=3). Derive an inequality in x and y which is satisfied by the codrdinates
of a point P (z, y) if and only if P is closer to the focus of the parabela than it

(b)

19/8/2010

is to the directrix of the parabola.

Solution: 4

AN

T

From a rough sketch, we see that,
(y—"1?2> (2—"1)*+ (y — 34
Y42+ 1> 2%+ 20+ 1 =926y +9,
—4y —8 > (z+1)%
S+ 1)< —4(y +2).

Find

0 [

use the substitution u = 9 2?),

4
/0 V9 + a2

Solution: d_u =2z,
dx
when z =0, u=29,
whena,= 4, v = 25.
xdx 1 Y 2rdx

... /exams/2010/Year12/THSC.tex

Page 9 of 16

Marks



zdx

i) | ==

(use the substitution u = /9 + 22).

d 1
Solution: % — 92z x L9 +2?)72,
dx "
- V9 + 22’
z dx du

V9 4+ 22 B dx

= V9422 +c.

(c) By considering the derivative of tan™! (—)7

show that

T

a

dx 1. =z
ﬁ:—tan — +c.
a* +x a a

Solution: Put y = tan™! E,
a
T = atany,
dz 9
— = asec
dy Y,
= a(1 + tan’y),
o @ tan’ y
= - ,
p a2 2
a )
Ay 4 a
Cdr a4+ 22
S dy p / adr
0 —.dx = ——
dz a? + 22’
A / adzr
Y7 @+
/ dx 1 T
———— = —tan~ " — +c.
az+ 12 a a
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Question

(a) Use the remainder theorem to find one factor of z(z+1) —a(a+1). By division,

6 (12 marks) (Use a separate writing booklet)

or otherwise, find the other factor.

Solution: Put P(z) = z(x + 1) —a(a+ 1),
P(a) = a* +a—a* —a,
= 0.
Using Horner’s method: 1 1 —(a* + a)
a a a’+a
11 (a+1) 0
Soz(x+1)—ala+1)=(r—a)(z+a+1).

(b) Consider the function y =

sketched below:

2

19/8/2010

1+z
)
| X

(i) Show that, by a suitable restriction on the domain of this function,

a monotonic increasing inverse function can be found.

Solution: To find an inverse, we interchange x and y:

T = T v
ARY ol
Y = £ /% —1
To decidéwhich of.the two to choose there are two methods:

Marks

Thefirst is a simple sketch— y
\ -
\
This'shows that we should select Y
the negative option /\
SN
1 | €T
y=—y/=—1
x
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The second option is to differentiate one of the choices and examine its
sign:
Taking y = —1

Y

L SN

dy -11 1
dx 2?22 14’

T our— a2
< 0 when 0 <z < 1.
As the positive option is always monotonic decreasing, we must choose

the negative option

(ii) Write the domain and range of the inverse function.

Solution: Domain: 0 < x < 1.
Range: y < 0.

A typical application of the Verhulst logisti¢ equation is a common model of
population growth, which states/that:

e the rate of reproduction is proportional to the existing population, all else
being equal;

e the rate of reproduction is proportional to the amount of available resources,
all else being squal. Thus the second term models the competition for
available resources, awhich tends to limit the population growth.

Letting P representipopulation size (N is often used in ecology instead) and t
represent time, this model is formalised by the differential equation:

dP P
= _—Pl1=-=
a ( K ) ’
where the constant r defines the growth rate and K is the carrying capacity. In

ecology,Species are sometimes referred to as r-strategist or K-strategist depend-
ingupon the selective processes that have shaped their life history strategies.
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(i) Show by differentiation that the solution to the equation (with P, being the
initial population) is
KP rt
P(t) = L
K —+ Po(eTt — 1)

) dP  {K+ By(e" — 1)} x rKPye™ — K Pye™ X 1 Pye™
Solution: — = 5 ,
dt {K+Py(et—1)}

B r x KPye" (K + Py (e — 1)) — Pye™
O\ K+ Bylert —1) K+ Py (et —1) ’
K

Poe’"
—rP(1- =2
" K+bPE —1) K}
P
—rP(1- =
" K)

(ii) Confirm that the final population will equal the carrying capacity, i.e. that

lim P(t) = K.

t—o00

. . . KPoe”
Solution: tliglo P(t) = tlgglo K% Py(er — 1) } ’

_ 0
iheo | Kt + Py(1 —e ) } ’
KPF,
Ke>® + Py(1 — e=)’
KP,
Kx0+4+ Py(1-0)’
= K as required.

(iii) If » = 1.25; K =25000; Py = 10, find P after 5 years.

25000 x 10 x e!-25%5
Solution: P(5) =
oltion:  P(3) = 5+ To@ms = 1)’
= 4292.431411 by calculator.
1.e. The population will be about 4290.
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Question 7 (12 marks) (Use a separate writing booklet)

(a) P(14, 18) divides the interval AB externally in the ratio 3 : 2.

If B = (4, 8), find the codrdinates of A.

Marks

—2 3 x4
Solution: 14 = u, 18 =
34+ 72
— 27412,
—2r = 2, —2y = —6,
.. The coordinates of A are (—1, 3).

—2y+3x8
3+ 72
= —2y + 24,

(b) Given that a < 0, find the solution to the inequalities

1 <|ax+1] <2,

leaving your answers in terms of a.

Solution: |ax + 1| > 1, and < 2,
ar+1>1 or ar+1<—1, —2<ar+1 < 2,
axr >0 ar < =2, < 1,
2 1
<0 r>——, —— 2z, = —.
a a
Graphing these gives . .
-————C0 o
—— I I
1 o -2 _3
a a a
.1 2 3
coSolutionis A<z <0or —— <o < ——.
a a a
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(c) The acceleration a cm/s? of a particle P is given by a = 18x(x? + 1), where x cm
is the displacement of P at t seconds. Initially P starts from the origin with

velocity 3 cm/s.
(i) Show that v = 3(z* + 1),

Solution: — (

= 3(x? + 1) taking positive v as vy = 3.

18z(x? 4+ 1),
18x* N 1822
4 2
%:c4 + 922 +c.

9%x0
T+9><O+c,

+ ¢,

9zt + 1822 + 9,
9(z* + 1)

(ii) and show that z = tan 3t.

Solution: v = d_:c,
dt
dt 1
dr 32 +A)’
= LtanTz +c.
Initially x =0, t =0;=0 = % x 0+ c,
i.e. tan t@=_3¢
x,.= tan3t.

(iii) Determine itgvelocity andidisplacement after —s.

12

Solution: When ¢ = 1, r = tan —,
12 4
= 1.
v=3(1+1),
= 6.

Sothe displacement is 1 cm in the positive direction from
the origin and the velocity is 6 cm/s away from the origin

in the positive direction.

End of Paper
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